Abstract For purpose of easy identification of the role of free vortices on the lift and drag and for purpose of fast or engineering evaluation of forces for each individual body, we will extend in this paper the Kutta-Joukowski (KJ) theorem to the case of inviscid flow with multiple free vortices and multiple airfoils. The major simplification used in this paper is that each airfoil is represented by a lumped vortex, which may hold true when the distances between vortices and bodies are large enough. It is found that the Kutta-Joukowski theorem still holds provided that the local freestream velocity and the circulation of the bound vortex are modified by the induced velocity due to the outside vortices and airfoils. We will demonstrate how to use the present result to identify the role of vortices on the forces according to their position, strength and rotation direction. Moreover, we will apply the present results to a two-cylinder example of Crowdy and the Wagner example to demonstrate how to perform fast force approximation for multi-body and multi-vortex problems. The lumped vortex assumption has the advantage of giving such kinds of approximate results which are very easy to use. The lack of accuracy for such a fast evaluation will be compensated by a rigorous extension, with the lumped vortex assumption removed and with vortex production included, in a forthcoming paper.
Introduction
For a two-dimensional incompressible flow around a single airfoil with a sharp trailing edge at incidence, it is well known that the Kutta-Joukowski (KJ) hypothesis holds at least for steady unseparated flow. In this hypothesis, viscosity is explicitly ignored but implicitly incorporated in the Kutta condition (see Refs. 1, 2 ). The Kutta condition imposes a circulation or a bound vortex attached to the airfoil and creates a starting vortex, of an opposite sign, which moves in the downstream direction.
The lift thus predicted by the Kutta-Joukowski theorem within the framework of inviscid flow theory is quite accurate even for real viscous flow, provided the flow is steady and unseparated.
There are a number of applications where we encounter multiple vortices and multiple airfoils. Streitlien and Triantafyllou 3 considered a single Joukowski airfoil surrounded with point vortices convecting freely and derived a force formula. In this formula the force is related to the relative velocity of the point vortices. Smith et al. 4 ,5 studied multi-blade flows with interaction. Panel methods have also been developed for multi-element airfoils (see Ref. 6 ). Crowdy 7 found the complex potential to calculate the lift for a finite stack of cylinders with imposed circulation. Force decomposition for multi-body flows has also been considered using an integral approach (see Refs. 8, 9 ). None of this work considered the force formula for each airfoil in the form of the Kutta-Joukowski theorem. Wu et al. 10 extended the Lagally theorem to multi-body flows with free point vortices, but not considering the existence of any bound vortex.
Through finding the complex potential and using the Blasius theorem, Katz and Plotkin 6 (see chapter 6.9, generalized Kutta-Joukowski theorem) developed a generalized Kutta-Joukowski theorem for an airfoil in interaction with another airfoil represented by a lumped vortex of opposite circulation.
For problems with multiple airfoils and multiple free vortices, it is always possible to derive an exact theory or use numerical computation to obtain the forces on each body. However, for easy identification of the role of each free vortex and for fast evaluation of force approximation as required by engineers, we require the force formulas to be explicit, capturing the main physics and easy to use, almost as simple as the classical Kutta-Joukowski theorem. For this purpose, we make an extension of the generalized Kutta-Joukowski theorem to the case of multiple airfoils with multiple free vortices, using the lumped vortex assumption as by Katz and Plotkin. 6 In this assumption each airfoil is represented by a lumped vortex at the position of the center of the airfoil. The accuracy of this assumption will be assessed in conclusion. The extension to multiple airfoils without the lumped vortex assumption will be considered in a forthcoming paper. This paper will be organized as follows. In Section 2, we derive force formula in terms of induced velocity for a single airfoil interacting with multiple free vortices. In Section 3 we extend the force formula to the case of multiple body in such a way that the force formula holds individually for each airfoil. Supplemented by a two cylinder example and the Wagner problem, which are presented in Appendix A and B respectively, we will assess the accuracy and usefulness of the present results in Section 4. In Section 4, we will also discuss how to use the present results to identify the role of outside vortices on the lift and drag.
Single airfoil with multiple free vortices
Consider an incompressible two-dimensional flow around an airfoil with a velocity field v = (u, v) at constant density q, in an unbounded domain R f . The freestream velocity V 1 is assumed horizontal. The circulation of the bound vortex is defined as C b =ò oA (udx + vdy) for the closed curve oA along the airfoil, with a counterclockwise path, so that a clockwise circulation has a negative sign. The classic Kutta-Joukowski theorem expresses the lift (L) and the drag (D) per unit span as:
Katz and Plotkin 6 showed that for an airfoil in interaction with another airfoil, represented by a lumped vortex of opposite circulation, the force for the airfoil is given by:
where (u s , v s ) is the velocity at the (center of the) current airfoil induced by an outside vortex. Now, we consider M free vortices, each with a position (x j , y j ) and circulation C j for j = 1, 2, Á Á Á, M around an airfoil represented by a bound vortex of circulation C b at the center of the airfoil. A point vortex j, whether it is a free or bound vortex, induces a velocity at (x, y) given by:
It is well-known that a single point vortex in relative motion, at the velocity (dx j /dt, dy j /dt), to the fluid offers a force to the body given by 11 :
In the case of a bound vortex (bounded to a body) surrounded by M free vortices, the forces due to each vortex sum up to give:
The force formulas Eq. (5) or formulas in similar forms have been frequently used to study the interaction of a cylinder with M free vortices (see Ref. 12 for more details and references). Now we relate the velocity (dx j /dt, dy j /dt) for each vortex to the induction by other vortices to find an explicit and new force formula through Eq. (5).
With r
, the velocity of the free vortices due to free convection induced by the bound vortex and other free vortices is:
Inserting the above equations into the force formula Eq. (5), we obtain:
The last terms on the right hand sides in both forces are due to mutual interactions between the free vortices. For each pair
which can be more conveniently written as:
Here u s and v s are exactly the horizontal and vertical velocity components, at the location of the bound vortex, induced by all the free vortices. The formulas Eq. (7) are thus an extension of the generalized Kutta-Joukowski theorem Eq. (2) to the case of multiple free vortices. Remark that by using the Blasius equation based on complex variables and using Residue theorem, Wu et al. 10 obtained a similar force formula for the case without bound vortex.
Multiple airfoils with multiple free vortices
As displayed in Fig. 1 , we consider N airfoils (assumed nonrotating and fixed in this paper) interacting with M free vortices of given circulation C m with m = 1, 2, Á Á Á, M. The nth airfoil at location ðx ðbÞ n ; y ðbÞ n Þ has an unperturbed circulation C b,n , i.e., a circulation in an oncoming uniform flow without other airfoils, supposed to be known from traditional theories.
For a single airfoil with a bound vortex (BV) interacting with a number of free vortices (FVs), we have proved, without working with pressure, the force formula Eq. (7). Hence using pressure integration along the bound vortex (namely, a contour oB of vanishing size just enclosing the bound vortex and excluding the free vortices) also leads to the same formula. The instantaneous flow pattern (thus the induced velocities u s and v s ) along this contour remains the same whether the vortices outside of this contour are bound (fixed) or free.
For the problem considered here, the pressure is related to the velocity through the unsteady Bernoulli equation
The only difference between the pressure along the contour oB for an outside FV and an outside BV, both supposed to have a circulation C which induces a velocity potential / = Ch/(2p), comes from the term / t . We have / t " 0 for an outside FV and / t = 0 for an outside BV. However, for a closed curve oB not enclosing this BV or FV, we always have H @B!0 /n Á dl ¼ 0 (n is the unit outward normal and l is a vector along the tangent direction) since the potential /, which is due to an outside vortex, has no singularity inside oB. Therefore, there is no difference in the integrated force due to this term. Moreover, this term is linear so that the conclusions still hold when there are many other outside vortices (BV or FV).
Hence the integrated forces, along the contour oB, are the same if some of the free vortices outside of oB are replaced by bound ones. This means that the force formula Eq. (7) still holds for each airfoil individually in the presence of other airfoils represented by bound vortices. Now we can write the above force formulas for a multi-airfoil case. For the ith airfoil,
where u s,i = u b,i + u f,i and v s,i = v b,i + v f,i are the total induced velocity components at the ith airfoil due to other airfoils and free vortices. Here:
and
For the ith airfoil, Ç i is the perturbed circulation of the bound vortex, that is circulation of the bound vortex subjected to influence of outside vortices and bodies. The circulation of the bound vortex without perturbation of outside vortex is determined by the Kutta condition and 
Eqs. (9)- (11) now form a closed system to give the required Ç i and u s,i , v s,i for obtaining the forces through Eq. (8), and can be solved simply using an iterative process. Under lumped vortex assumption we may assume u s,i , v s,i to be small compared to V 1 , hence we obtain a system of N linearized equations for solving Ç i . In this case:
For vertically aligned airfoils without considering free vortices, we have v s,i = 0 and a s,i = 0, so that Ç i ¼ C b;i ð1 þ u s;i =V 1 Þ, and then we have from Eqs. (9) and (12):
Similarly, for horizontally aligned airfoils without considering free vortices, we have u s,i = 0 and Ç i ¼ C b;i þ pc Ai m s;i , and then:
Applications and conclusion
Under lumped vortex assumption, for which an airfoil is represented by a bound vortex at the center of the airfoil, we have extended the Kutta-Joukowski theorem to the case of multiple airfoils with multiple free vortices. The advantage of the present result is that one can first work with each airfoil individually, and then add interaction through the use of algebraic Eqs. (8)- (14) . As discussed below, the usefulness of the present results lies in easy identification of the role of outside vortices and fast evaluation of approximate forces for relative complex problems.
With the lift force formula Eqs. (8)- (10), we may identify the role of each free vortex. First consider the case when the free vortex is far enough from the airfoil, so that Ç i % C b;i (which means that the circulation of the bound vortex is not perturbed by the free vortex). Then, if the bound vortex and the outside free vortex have opposite sign, the induced velocity by a free vortex yields a lift increase if this free vortex is above the airfoil, and a lift decrease when it is below; moreover, it induces a drag if it is downstream of the airfoil, and propulsion if it is upstream of the airfoil.
If the bound and free vortices have the same sign, then the induced velocity by the free vortex yields a lift decrease if this vortex is above the airfoil, and a lift increase when it is below; moreover, it induces a propulsion if it is downstream of the airfoil, and drag if it is upstream of the airfoil.
The above analysis may not be true when the lumped vortex assumption is not violated. For instance, in the case of a leading edge vortex very close to the airfoil so that the airfoil can not be simplified by a lumped vortex, the induced flow field is nonlinear and image vortex effect can not be neglected, the strength of the bound vortex will be significantly increased according to more elaborated studies not presented here.
For fast evaluation of forces, we consider two examples. One is the two-cylinder example of Crowdy, with given bound vortices. The other is the classical Wagner problem. For both examples, it is extremely complicated to obtain explicit force formulas using known theories.
In Appendix A, we use Eqs. (8)- (10) to obtain the forces for both cylinders. We remark that the lift forces compare well with the exact solution by Crowdy, provided the distance between the two cylinders is large enough (so that lumped vortex assumption holds). In Appendix B, we study the Wagner problem which is for an impulsively started airfoil with vortex shedding. With the present method and with the shed vortex represented by a single vortex starting at the trailing edge, we obtain quickly the force formula which compare well with Wagner exact solution.
For problems with body vortex interactions, which may occur in many applications, the fast and easy identification of the role of each individual vortex on the lift and drag is very important for correct interpretation of the physics of flow. A typical example is the role of leading edge vortex.
For multibody and multivortex flows, an exact but explicit force evaluation for each individual body is usually very complicated. Sometimes we must use numerical computation to do this. However, using the present method, we may be able to obtain force formulas without much effort and these force formulas may have an accuracy for qualitative study. This could be useful in engineering applications.
According to Appendix A, the evaluated force is accurate only when the distance between the bodies is large enough. This is due to the lumped vortex assumption, for which the shape of the body and image vortices are ignored. The study of force formulas without lumped vortex assumption has also been carried out. For more details, see Appendix C.
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Appendix A. Crowdy two-cylinder example Crowdy 7 considered a potential flow for two vertically aligned circular airfoils (i = 1 for the lower airfoil and i = 2 for the upper one) separated by a distance h with unit diameter, density, and velocity (q = c A = V 1 = 1) and with fixed circulations C b,1 = C b,2 = À5. When h is large enough, the circular cylinders can be represented by lumped vortices so that the present method applies. In the case of fixed circulations, the use of Eqs. (8)- (10) yields:
If the circulations of the bound vortices are allowed to vary according to Eq. (13) due to satisfaction of the Kutta condi-
can be solved to give:
According to the force formulas Eqs. (8)- (10), which are reduced here to
we have:
The lift forces as a function of h are displayed in Fig. A1 . When h > %3, the present result (see Curve b in Fig. A1 ) determined by Eq. (A1) compares well with that of Crowdy (see Curve c in Fig. A1 ), in the case of fixed circulations. When h < 3, for which the cylinders can no longer be represented by lumped vortices, the present theory is no longer valid. When the circulations are allowed to depend on the distance according to Eq. (A3), the lift forces (see Curve a in Fig. A1 ) are higher than those given by the fixed circulation model.
Appendix B. Wagner problem
Consider the well-known problem of Wagner 13 , which is the initial lift for a flat plate of length c A , set instantaneously into motion with a constant velocity V 1 and at a small angle of attack a. For this problem, an accurate and thus mathematically difficult solution is required to consider a vortex sheet downstream to the trailing edge. Here we consider the lumped vortex approximation, by assuming a bound vortex of circulation C b (t) at x = x b , the center of the plate, and a starting vortex of circulation C a (t) = ÀC b (t) downstream to the airfoil at x = x s . The velocity induced at x = x b by the starting vortex is
Hence according to Eq. (12),
If at the initial time t = 0, we assume the starting vortex is just at the trailing edge (x s (0) = c A ) and the bound vortex is at the center of the airfoil x b ¼ 1 2 c A , and then with dx s /dt = V 1 and thus x s = c A + V 1 t, the above equation can be solved to give:
where C 1 = Àpc A V 1 a is the circulation of the bound vortex when the starting vortex has moved infinitely downstream to the airfoil. Then, with Eq. (7), the lift and (induced) drag are found to be:
where L 1 = ÀqV 1 C 1 a is the final lift after a steady state is reached. Thus at t = 0, we have:
Thus even with the lumped vortex approximation we can recover the well known results of Wagner (see Refs. 11, 14 ) that for an impulsively starting flow of a flat plate, the initial lift is exactly one-half of the final lift (the Wagner effect) and the ini-
Hence the lumped vortex approach, though approximate but quite simpler to use than the Wagner approach based on the Laplace transform, gives reasonably good results even for the initial behavior. We remark that the initial lift has also been studied for airfoils with thickness effect (see Refs. 14, 15 ).
Appendix C. Extension of the results
By using a special momentum approach and with the help of interchange between singularity velocity and induced flow velocity, we have recently derived in a physical way the explicit force formulas for two-dimensional inviscid flow involving multiple bound and free vortices, multiple airfoils and vortex production 16 , without use of lumped vortex assumption so that the force formulas are exact for arbitrary distance between bodies. As in the present work, these new force formulas hold individually for each airfoil thus allowing for force decomposition and the contributions to forces from singularities (such as bound and image vortices, sources and doublets) and bodies out of an airfoil are related to their induced velocities at the location of singularities inside this airfoil. The force contribution due to vortex production will related to the vortex production rate and the distance between each pair of vortices in production. For the Crowdy example, the comparison will be good even the distance between the two cylinders is small. We remark that force formulas for multibody problems and in the form of induced velocities have been also studied by Wu et al. 10 They followed Lagally theorem to obtain the forces and their results are restricted to problems without bound vortices and without vortex production. The results of Bai et al. 16 , which are obtained through a different approach, are more general since bound vortex and vortex production are considered. 
